Abstract. The minus partial order is already known for sets of matrices over a field and bounded linear operators on arbitrary Hilbert spaces. Recently, this partial order has been studied on Rickart rings. In this paper, we extend the concept of the minus relation to the module theoretic setting and prove that this relation is a partial order when the module is regular. Moreover, various characterizations of the minus partial order in regular modules are presented and some well-known results are also generalized.
Introduction
Let S be a semigroup and a ∈ S. Any solution x = a − to the equation axa = a is called an inner generalized inverse of a. If such a − exists, then a is called regular, and if every element in a semigroup S is regular, then S is called a regular semigroup.
Hartwig [4] introduced the minus partial order ≤ − on regular semigroups using generalized inverses. For a regular semigroup S and a, b ∈ S, we write Let B(H) be the algebra of all bounded linear operators on a Hilbert space H.
For an operator A ∈ B(H), the symbols Ker A and Im A will denote the kernel and the image of A, respectively. It is known that A ∈ B(H) is regular if and only if Im A = Im A, i.e. the image of A is closed (see for example [9] ).Šemrl studied in [11] the minus partial order on B(H). He did not want to restrict himself only to operators on B(H) with closed images so he defined a new order ≤ S on B(H) in the following way: For A, B ∈ B(H) we write A ≤ S B if there exist idempotent operators P, Q ∈ B(H) such that Im P = Im A, Ker A = Ker Q, P A = P B, and AQ = BQ.Šemrl called this order the minus partial order on B(H) and proved that this is indeed a partial order on B(H) for a general Hilbert space H. He also showed that the partial order ≤ S is the same as Hartwig's minus partial order ≤ − when H is finite dimensional.
For a subset A of a ring R, l R (A) and r R (A) will denote the left annihilator and the right annihilator of A in R, respectively. If the subset A is a singleton, say A = {a}, then again we simply write l R (a) and r R (a), respectively. A ring R is called a Rickart ring if for every a ∈ R there exist idempotent elements p, q ∈ R such that r R (a) = p · R and l R (a) = R · q. Note that every Rickart ring R has the (multiplicative) identity and that the class of Rickart rings includes von Neumann algebras and rings with no proper zero divisors (see [1] or [6] ).
FollowingŠemrl's approach, authors further generalized in [3] the minus partial to Rickart rings. A new relation was introduced in [3] on a ring with identity: Let R be a ring with the identity 1 R and a, b ∈ R. Then we write a ≤ − b if there exist idempotent elements p, q ∈ R such that
, r R (a) = (1 R − q)R, pa = pb, and aq = bq.
It was proved in [3] that this relation ≤ − is indeed a partial order when R is a Rickart ring and that definitions (1) and (2) are equivalent when R is a ring in which every element is regular, i.e. R is a von Neumann regular ring.
The goal of this paper is to extend the notion of the minus partial order to the general module theoretic setting using the endomorphism rings of modules.
We show that the minus relation is a partial order in regular modules. We also present various characterizations of the minus partial order in regular modules and generalize some well-known results.
Throughout this paper R denotes an associative ring with identity 1 R and modules are unitary right R-modules. For a right R-module
is the ring of all right R-module endomorphisms of M . It is well known that M is a left S and right R-bimodule. In this work, for the (S, R)-bimodule M , l S (.) and r R (.) stand for the left annihilator of a subset of M in S and the right annihilator of a subset of M in R, respectively. If the subset is a singleton, say {m}, then we simply write l S (m) and r R (m), respectively.
Minus partial order in modules
Let M be a right R-module with S = End R (M ). For the sake of brevity, in the sequel, S will stand for the endomorphism ring of the module M considered.
We will denote the identity map in S by 1 S . The element m ∈ M is called a 
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For a ring R, let a ∈ R be a regular element (in the sense of von Neumann) so that there exists a − ∈ R such that a = aa − a. Define the map ϕ : R → R with ϕ(r) = a − r, r ∈ R. Then ϕ ∈ R * = End R (R). We have aϕa = aϕ(a) = aa − a = a which yields that a is regular in R R (in the sense of Zelmanowitz, see also [12] ).
Let now R be a ring with identity and suppose a is a regular element in R R (in the sense of Zelmanowitz). Then there exists ϕ ∈ R * such that a = aϕa. Define
We may conclude that a ∈ R is regular if and only if a is regular in R R (or, 
we may conclude that mϕ ∈ S and that mϕ is an idempotent in S.
With the following definition we will introduce the concept of minus order in the setting of modules. We will prove that when the module M is regular, the relation ≤ − is a partial order. First, let us present an auxiliary result and a new characterization of the minus order.
Proposition 2.4. Let M be a module and 
and
Conversely, assume that there exist
We are now in position to prove that the minus order ≤ − is indeed a partial order when the module M is regular. 
Hence m 1 = n + m 2 , and also m 2 = m 1 r for some r ∈ R. Thus
Therefore m 1 = m 2 . 
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, and thus r R (m 1 ) = r R (a).
(iii) We will now prove f
From the definition of f we obtain, f
We claim that
and hence f 1 (1 S − f 2 )f 1 = 0, as claimed. Thus f m 3 = m 1 and therefore
(iv) We assert that m 1 a = m 3 a. We have m 1 a 1 = m 1 due to m 1 (1 R − a 1 ) = 0.
Similarly, m 2 a 2 = m 2 . From m 3 a = m 3 a 1 + m 3 a 2 a 1 − m 3 a 1 a 2 a 1 and since
We now claim that Proof.
(1) Assume first that m 1 ≤ − m 2 . By Theorem 2.5, there exist
Then p ∈ S is an idempotent. We will show that l S (gm 1 ) = l S (p), r R (gm 1 ) = r R (a), pgm 1 = pgm 2 , and gm 1 a = gm 2 a. (ii) If x ∈ r R (gm 1 ), then gm 1 x = 0 and so m 1 x = 0. Hence x ∈ r R (m 1 ) = r R (a). Thus r R (gm 1 ) ⊆ r R (a). Conversely, if x ∈ r R (a), then m 1 x = 0 and so gm 1 x = 0. Hence x ∈ r R (gm 1 ) and thus r R (a) ⊆ r R (gm 1 ). So,
(iv) Since m 1 a = m 2 a, gm 1 a = gm 2 a.
Therefore
(2) Assume first, that m 1 ≤ − m 2 . By Theorem 2.5, there exist x ∈ r R (q). It follows that r R (m 1 b) ⊆ r R (q) and therefore r R (m 1 b) = r R (q).
We will next prove that if we somewhat relax conditions on left and right annihilators in Theorem 2.5, we still obtain the minus partial order on regular modules. 
Proof. Suppose first that there exist
, and m 1 a = m 2 a. Since M is a regular module, for m 1 ∈ M , there exists ϕ ∈ M * such that m 1 = m 1 ϕm 1 . Let
Clearly, f Next we will prove that l S (f ) ⊆ l S (f 1 ) and r R (a) ⊆ r R (a 1 ). Let g ∈ l S (f ). Then gf = 0 and so
For the other inclusion, let b ∈ r R (a). Then ab = 0 and so a 1 b = ϕm 1 b = ϕm 1 ab = 0. It follows that b ∈ r R (a 1 ), i.e. r R (a) ⊆ r R (a 1 ). Since then (1 S − f )f 1 = 0 and a 1 (1 R − a) = 0 and since f 1 and a 1 are idempotents, we have
and a 1 = a 1 a = a 1 aa 1 . Note that f 1 f ∈ S and aa 1 ∈ R are idempotents.
We will now prove that
For any x ∈ l S (f 1 f ) and any y ∈ r R (aa 1 ), we have xf 1 = xf 1 f f 1 = 0 and a 1 y = a 1 aa 1 y = 0. This yields x ∈ l S (f 1 ) = l S (m 1 ) and y ∈ r R (a 1 ) = r R (m 1 ). It follows that l S (m 1 ) = l S (f 1 f ) and r R (m 1 ) = r R (aa 1 ), as desired. The converse implication follows directly by Theorem 2.5. Proof. Note that for any m ∈ M , f 2 = f ∈ S and a 2 = a ∈ R,
The result is thus an immediate consequence of Theorem 2.8.
There are many definitions that are equivalent to Hartwig's definition of the minus partial order. One of the most commonly used is the following which is due to Jones (see for example [5] ). Let S be a semigroup. Then
where p, q are idempotent elements in S 1 and S 1 denotes S if S has the identity, and S with the identity adjoined in the other case. Jones introduced this relation for the setting of an arbitrary semigroup. If S is a regular semigroup, then it is known (see [8] ) that ≤ J is a partial order on S. We will now introduce a new relation on a module M that is analogous to (4) and then show that when M is a regular module this new relation is the minus partial order on M . We will show that when M is a regular module, ≤ M is again the minus partial order on M . First, we present an auxiliary result which was inspired by (6). 
